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Electromagnetic Field in Lyra Manifold: A First Order Approach
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Instituto de F´ısica Teo´rica, Universidade Estadual Paulista
Rua Pamplona 145, CEP 01405-900, Sa˜o Paulo, SP, Brazil
Abstract: We discuss the coupling of the electromagnetic field with a curved
and torsioned Lyra manifold using the Duffin-Kemmer-Petiau theory. We will show
how to obtain the equations of motion and energy-momentum and spin density tensors
by means of the Schwinger Variational Principle.
1 Introduction
First order Lagrangians are one of the most profitable
tools in Field Theory. By means of first order approach,
Hamiltonian dynamics becomes more transparent, con-
strained systems can be dealt with a wide range of meth-
ods [1], and CPT and spin-statistics theorems can be
proved by variational statements [2].
Otherwise, the coupling between electromagnetism
and the torsion content of spacetime has been an in-
tringuing puzzle for many years. Minimal coupling of the
Einstein-Cartan gravity with eletromagnetism breaks lo-
cal gauge covariance by the presence of the torsion in-
teraction [3, 4, 5].
Here, we want to add another piece to the puzzle,
showing that the torsion coupling problem is related to
scale invariance which we will model together with the
gravitational field by means of the Lyra geometry. Elec-
tromagnetic field will be described by the first order ap-
proach of Duffin-Kemmer-Petiau (DKP).
2 The Lyra Geometry
The Lyra manifold [6] is defined giving a tensor metric
gµν and a positive definite scalar function φ which we
call the scale function. In Lyra geometry, one can change
scale and coordinate system in an independent way, to
compose what is called a reference system transforma-
tion: let M ⊆ RN and U an open ball in Rn, (N ≥ n)
and let χ : U yM . The pair (χ,U) defines a coordinate
system. Now, we define a reference system by (χ,U, φ)
where φ transforms like
φ¯ (x¯) = φ¯ (x (x¯) ;φ (x (x¯))) ,
∂φ¯
∂φ
6= 0
under a reference system transformation.
In the Lyra’s manifold, vectors transform as
A¯ν =
φ¯
φ
∂x¯ν
∂xµ
Aµ
In this geometry, the affine connection is
Γ˜ρµν =
1
φ
Γ˚ρµν +
1
φ
[
δρµ∂ν ln
(
φ
φ¯
)
− gµνg
ρσ∂σ ln
(
φ
φ¯
)]
whose transformation law is given by
Γ˜ρµν =
φ¯
φ
Γ¯σλε
∂xρ
∂x¯σ
∂x¯λ
∂xµ
∂x¯ε
∂xν
+
1
φ
∂xρ
∂x¯σ
∂2x¯σ
∂xµ∂xν
+
+
1
φ
δρν
∂
∂xµ
ln
(
φ¯
φ
)
.
One can define the covariant derivative for a vector
field as
∇µA
ν =
1
φ
∂µA
ν+Γ˜νµαA
α , ∇µAν =
1
φ
∂µAν−Γ˜
α
µνAα .
We use the notation Γν[αµ] =
1
2
(
Γναµ − Γ
ν
µα
)
for
the antisymmetric part of the connection and Γ˚ρµν ≡
1
2g
ρσ (∂µgνσ + ∂νgσµ − ∂σgµν) for the analogous of the
Levi-Civita connection.
The richness of the Lyra’s geometry is demonstrated
by the curvature [7]
R˜
ρ
βασ ≡
1
φ2
[
∂β
(
φΓ˜ρασ
)
− ∂α
(
φΓ˜ρβσ
)]
+
+
1
φ2
[
φΓ˜ρβλφΓ˜
λ
ασ − φΓ˜
ρ
αλφΓ˜
λ
βσ
]
and the torsion
τ˜ ρµν = −
2
φ
δ
ρ
[µ∂ν] ln φ¯ (1)
which has intrinsic link with the scale functions and
whose trace is given by
τ˜ ρµρ ≡ τ˜µ =
3
φ
∂µ ln φ¯ . (2)
In the next section we introduce the behavior of mass-
less DKP field in the Lyra geometry.
1
3 The massless DKP field in Lyra
manifold
DKP theory describes in a unified way the spin 0 and 1
fields [8, 9, 10]. The massless DKP theory can not be
obtained as a zero mass limit of the massive DKP case, so
we consider the Harish-Chandra Lagrangian density for
the massless DKP theory in the Minkowski space-time
M4, given by [11]
LM = iψ¯γβ
a∂aψ − i∂aψ¯β
aγψ − ψ¯γψ , (3)
where the βa matrices satisfy the usual DKP algebra
βaβbβc + βcβbβa = βaηbc + βcηba
and γ is a singular matrix satisfying1
βaγ + γβa = βa , γ2 = γ .
From the above lagrangian it follows the massless DKP
wave equation
iβa∂aψ − γψ = 0 .
As it was known, the Minkowskian Lagrangian den-
sity (3) in its massless spin 1 sector reproduces the elec-
tromagnetic or Maxwell theory with its respective U(1)
local gauge symmetry.
To construct the covariant derivative of massless DKP
field in Lyra geometry, we follow the standard procedure
of analyzing the behavior of the field under local Lorentz
transformations,
ψ (x)→ ψ′ (x) = U (x)ψ (x) (4)
where U is a spin representation of Lorentz group charac-
terizing the DKP field. Now we define a spin connection
Sµ in a such way that the object
∇µψ ≡
1
φ
∂µψ + Sµψ (5)
transforms like a DKP field in (4), thus, we set
∇µψ → (∇µψ)
′
= U (x)∇µψ
and therefore S transforms like
S′µ = U (x)SµU
−1 (x) −
1
φ
(∂µU)U
−1 (x) (6)
From the covariant derivative of the DKP field (5)
and remembering that ψ¯ψ must be a scalar under the
1We choose a representation in which β0
†
= β0, βi
†
= −βi and
γ† = γ .
transformation (4), it follows that ∇µψ¯ =
1
φ
∂µψ¯ − ψ¯Sµ.
Using the covariant derivative of the DKP current
∇µ
(
ψ¯βνψ
)
=
1
φ
∂µ
(
ψ¯βνψ
)
+ Γνµλ
(
ψ¯βλψ
)
=
=
(
∇µψ¯
)
βνψ + ψ¯ (∇µβ
ν)ψ + ψ¯βν (∇µψ)
one gets the following expression for the covariant deriva-
tive of βν
∇µβ
ν =
1
φ
∂µβ
ν + Γνµλβ
λ + Sµβ
ν − βνSµ
A particular solution to this equation is given by
Sµ =
1
2
ωµabS
ab , Sab =
[
βa, βb
]
.
With a covariant derivative of the DKP field well-
defined we can consider the Lagrangian density (3) of
the massless DKP field minimally coupled [12, 13, 3] to
the Lyra manifold, introducing the tetrad field,
gµν(x) = ηab eµa(x)e
ν
b(x) , gµν(x) = ηabeµ
a(x)eν
b(x) .
S =
∫
Ω
d4x φ4e
(
i ψ¯γeµaβ
a∇µψ − i∇µψ¯β
aeµaγψ − ψ¯γψ
)
.
(7)
where ∇µ is the Lyra covariant derivative of DKP field
defined above.
4 Equations of Motion and the
Description of Matter Content
In following we use a classical version of the Schwinger
Action Principle such as it was treated in the context
of Classical Mechanics by Sudarshan and Mukunda [14].
The Schwinger Action Principle is the most general ver-
sion of the usual variational principles. It was proposed
originally at the scope of the Quantum Field Theory [2],
but its application goes beyond this area. Here, we will
apply the Action Principle to derive equations of motion
of the Dirac field in an external Lyra background and
expression for the energy-momentum and spin density
tensors.
Thus, making the variation of the action integral (7)
we get
δS =
∫
Ω
dx eφ4
[
4L−
i
φ
ψ¯γβµ∂µψ +
i
φ
∂µψ¯β
µγψ
](
δφ
φ
)
+
2
+∫
Ω
dx φ4e
(
δe
e
)
L + (8)
+
∫
Ω
dx eφ4
[
iψ¯γ (δβµ)∇µψ − i∇µψ¯ (δβ
µ) γψ
]
+
+
∫
Ω
dx eφ4
[
iψ¯γβµ (δSµ)ψ + iψ¯ (δSµ)β
µγψ
]
+
+
∫
Ω
dx eφ4 δψ¯ (iγβµ∇µψ − γψ + iSµβ
µγψ)+
+
∫
Ω
dx eφ4
[
i
φ
ψ¯γβµ (δ∂µψ)−
i
φ
(
δ∂µψ¯
)
βµγψ
]
−
∫
Ω
dx eφ4
(
i∇µψ¯β
µγ + ψ¯γ − iψ¯γβµSµ
)
δψ
Choosing different specializations of the variations, one
can easily obtain the equations of motion and the energy-
momentum and spin density tensor.
4.1 Equations of Motion
We choose to make functional variations only in the
massless DKP field thus we set δφ = δeµb = δωµab = 0
and considering [δ, ∂µ] = 0, from ( 8) we get
δS =
∫
∂Ω
dσµ eφ
3 i
[
ψ¯γβµ (δψ)−
(
δψ¯
)
βµγψ
]
+
+i
∫
Ω
dx eφ4
(
δψ¯
) [
iβµ∇µψ + iτ˜µβ
µγψ − γψ
]
+
−
∫
Ω
dx eφ4
[
i∇µψ¯β
µ + iτ˜µψ¯γβ
µ + ψ¯γ
]
δψ
Following the action principle we get the generator of
the variations of the massless DKP field
Gδψ =
∫
∂Ω
dσµ eφ
3 i
[
ψ¯γβµ (δψ)−
(
δψ¯
)
βµγψ
]
and its equations of motion in the Lyra’s manifold are
{
iβµ (∇µ + τ˜µγ)ψ − γψ = 0
i∇µψ¯β
µ + iτ˜µψ¯γβ
µ + ψ¯γ = 0
The spin 1 projectors Rµ(= eµaR
a ) and Rµν(=
eµae
ν
bR
ab) [15, 10] are such that Rµψ and Rµνψ trans-
form respectively as a vector and a second rank tensor
under general coordinate transformation. Thus, using
the projectors we have
Rµ → i∇ν (R
µνψ) + iτ˜ν (R
µνγψ)−Rµγψ = 0
multiplying by (1− γ) we get
i (∇ν + τ˜ν) (R
µνγψ) = 0
and
Rµν → i∇ρ (R
µνβρψ)+ iτ˜ρ (R
µνβργψ)−Rµνγψ = 0
Rµνγψ = i (∇ρ + τ˜ργ) [g
ρν (Rµψ)− gρµ (Rνψ)]
from the above equations we get the equation of motion
for the massless vector field Rµψ
(∇ν + τ˜ν)(∇ρ + τ˜ργ) [g
ρν (Rµψ)− gρµ (Rνψ)] = 0 ,
We use a specific representation of the DKP algebra
in which the singular γ matrix is
γ = diag(0, 0, 0, 0, 1, 1, 1, 1, 1, 1) .
Then in this representation the DKP field ψ is now a
10-component column vector
ψ =
(
ψ0, ψ1, ψ2, ψ3, ψ23, ψ31, ψ12, ψ10, ψ20, ψ30
)T
,
where ψa (a = 0, 1, 2, 3) and ψab behave, respectively, as
a 4-vector and an antisymmetric tensor under Lorentz
transformations on the Minkowski tangent space. And
we also get
γψ =
(
0, 0, 0, 0, ψ23, ψ31, ψ12, ψ10, ψ20, ψ30
)T
Rµψ =
(
ψµ, 0, 0, 0, 0, 0, 0, 0, 0, 0
)T
Rµνψ =
(
ψµν , 0, 0, 0, 0, 0, 0, 0, 0, 0
)T
due to Rµγ = γRµ and Rµνγ = (1 − γ)Rµν . Then, we
get the following relations among ψ components
i ψµν = ∇µψν −∇νψµ
which leads to the equation of motion for the spin 1
sector of the massless DKP field in Lyra space-time
(∇µ + τ˜µ) (∇
µψν −∇νψµ) = 0 .
4.2 Energy-momentum tensor and spin
tensor density
Now, we only vary the background manifold and we as-
sume that δωµab and δe
µ
a are independent variations,
δS =
∫
Ω
dxeφ4
[
i
(
ψ¯γβa∇µψ −∇µψ¯β
aγψ
)
δeµa+
+
(
1
e
δe
)
L+ i
(
ψ¯γβµSabψ + ψ¯Sabβµγψ
) 1
2
δωµab
]
.
First, holding only the variations in the tetrad field,
δωµab = 0, we found for the variation of the action
δS =
∫
Ω
dx eφ4
[
i
(
ψ¯γβa∇µψ −∇µψ¯β
aγψ
)
− eµ
aL
]
δeµa
3
Defining the energy-momentum density tensor as
Tµ
a ≡
1
φ4e
δS
δeµa
= iψ¯γβa∇µψ − i∇µψ¯β
aγψ − eµ
aL
which can be written in coordinates as
Tµ
ν ≡ eνaTµ
a = iψ¯γβν∇µψ − i∇µψ¯β
νγψ − δµ
νL
On the mass shell,
Tµ
ν = iψ¯γβν∇µψ − i∇µψ¯β
νγψ − δµ
νψ¯γψ
Now, making functional variations only in the compo-
nents of the spin connection, δeµa = 0, we found for the
action variation
δS =
∫
Ω
dx eφ4
1
2
(δωµab) iψ¯
(
γβµSab + Sabβµγ
)
ψ,
we define the spin tensor density as being
Sµab ≡
2
φ4e
δS
δωµab
= iψ¯
(
γβµSab + Sabβµγ
)
ψ
The spin 1 component of DKP energy momentum ten-
sor is
Tµ
ν =
i
2
ψ∗να
(
∇µ ψα −∇α ψµ
)
+
−
i
2
ψνβ
(
∇µ ψ
∗
β −∇β ψ
∗
µ
)
+
−δµ
ν
(
ψ∗αβψαβ
)
which coincides with the first order energy momentum
tensor of the electromagnetic field in the real case.
5 Final Remarks
The coupling between torsion and massless vectorial field
was showed to be related to scale transformations in Lyra
background. Since this scale transformations are gov-
erned by an arbitrary function φ, it seems plausible that
the problem of breaking the local gauge invariance as-
sociated with this coupling could be removed from the
theory if we had chosen an gauge transformations to be
linked to scale invariance in Lyra manifold. A deeper
study of this line is under construction.
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